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In this paper, we discuss the dualities of the primordial perturbation spectra from various ex-
panding/contracting phases for full space of parameter w ≡ p
ρ
of state equation.
PACS numbers: 98.80.Cq, 98.70.Vc
The primordial perturbations on large scales may be an
important test for various scenarios of the early universe,
thus it is very significant to further probe their possible
nature and origin. The basic idea of inflation is simple
and elegant [1], for a recent review see [2]. During infla-
tion, the fluctuations are stretched to the outside of hori-
zon and form nearly scale-invariant primordial perturba-
tions leading to the formation of cosmological structure
[3]. Wands found [4] (see also [5], for an earlier reference
see [6] ) that a collapsing universe with a ∼ (−t)
2
3 ( fur-
ther for Pre Big Bang-like scenario see [7, 8] ), in which
a(t) is the cosmological scale factor, can also generate
such scale-invariant spectrum, which is dual to the case of
inflation with a ∼ eht or a ∼ tn, n→ +∞. This duality is
a result that the spectrum of the curvature perturbation
ζ on uniform comoving hypersurfaces is invariant under
some transformation. Recently, it has been noted [9, 10]
(see also [11, 12]) that instead of the curvature perturba-
tion ζ, when the Bardeen potential Φ is considered, the
scale-invariant spectrum can be produced during a pe-
riod of slow contraction with a ∼ (−t)n, n→ 0+ in cyclic
scenario [13], for some criticisms see [5, 14, 15, 16] . This
agreement between physically dissimilar models with dif-
ferent cosmological solutions is not coincidental. As has
been showed further by Boyle et.al. [17], the relationship
between inflation and cyclic scenario can be regarded as
a special case of general duality of the perturbation spec-
trum of Bardeen potential Φ.
For the parameter w ≡ p
ρ
≥ −1 of state equation,
Boyle et.al.’s duality relates a stable expanding solution
to an stable/unstable contracting solution dependent on
the value of w, while Wands’s duality relates a stable
expanding solution (−1 < w < −1/3) to an unstable
contracting solution (−1/3 < w < 0), but that of w >
0 has not relevant dual branch, thus in some sense the
dualities of perturbation spectrum may be uncomplete
when restricted to w > −1. When relaxing this limit,
the nearly scale-invariant perturbation spectrum can be
also similarly obtained during slow expansion [18] and
phantom inflation [19], but with different cosmological
background evolutions a ∼ (−t)n, in which n → 0− and
n→ −∞ respectively. In this brief report, we discuss the
∗Electronic address: yspiao@itp.ac.cn
dualities of the primordial perturbation spectra for full
space of constant w, which can be implemented in the
frame of single normal/phantom scalar field [20].
In general the evolution of cosmological scale factor
before the “bounce” 1 in Einstein frame can be written
as
a(t) ∼ tn (1)
in which t→ +∞, or
a(t) ∼ (−t)n (2)
in which t → 0−, n is a positive or negative constant.
For n > 0, Eq. (1) corresponds to the expanding phase,
in which the perturbation spectrum was studied firstly
in Ref. [23], and Eq. (2) corresponds to the contracting
phase. For n < 0 the case is in reverse. The Fridmann
equations are
h2 ≡ (
a˙
a
)2 =
ρ
3
(3)
h˙ = −
ρ+ p
2
(4)
where h is Hubble parameter and 8πG = 1 is set. For the
case that the speed of sound c2s is constant, causally pri-
mordial perturbations can be generated in such a phase,
in which the fluctuations exits the horizon and then re-
enters the horizon after the “bounce” to an expand-
ing phase corresponding to our observational cosmology.
This requires that ah increases with time, thus n > 1 for
(1) and n < 1 for (2) must be satisfied. From (1), (2)
and (3), we have
h =
n
t
(5)
for various phases. We plot the sketch of relations
between h and t, n in Fig.1. These various expand-
ing/contracting phases can be implemented by the evo-
lution of single normal/phantom scalar field with expo-
nential potential, in this case c2s = 1 [24], which is sum-
marized in Table I.
1 Here the “bounce” means the exit from pre-bounce expand-
ing/contracting phases to late-time observational cosmology,
which corresponds to the usual reheating [21, 22] for inflation
scenario.
2Region I II III IV
Evolution of scale factor a(t) ∼ (−t)n a(t) ∼ tn a(t) ∼ (−t)n a(t) ∼ (−t)n
n < 0 n > 1 1
3
< n < 1 0 < n < 1
3
Hubble parameter h > 0, h˙ > 0 h > 0, h˙ < 0 h < 0, h˙ < 0 h < 0, h˙ < 0
expansion expansion contraction contraction
Stability stable stable unstable stable
Parameter of state
equation
w < −1 −1 < w < − 1
3
−
1
3
< w < 1 w > 1
ǫ ǫ < 0 0 < ǫ < 1 1 < ǫ < 3 ǫ > 3
Kinetic energy term reverse
(phantom)
standard standard standard
Potential energy term standard standard standard reverse (negative
potential)
Φ invariant dual regions I III or IV II II
ζ invariant dual regions III III I or II or IV III
TABLE I: The natures of various expanding and contracting phases generating the primordial perturbation spectra: These
phases can be implemented by simple (normal/phantom) scalar field. Some further details can be seen in our paper [20].
h
t
I II
t<0   n<0 t>0  n>1
IV
III
t<0   1/3<n<1
t<0  0<n<1/3
FIG. 1: The sketch of relations between Hubble parameter h
and t, n: Various expanding/contracting phases are denoted
by Region I-IV in Table I.
Combing (1), (2), (3) and (4), the power-law index of
scale factor is given by
n =
2
3(1 + w)
(6)
Instead of w, it may be more convenient to parameterize
the state equation with
ǫ ≡
3
2
(1 + w) ≡
1
n
(7)
For w ≃ −1, ǫ ≃ 0 is the usual slow-roll parameter of
inflation models.
In the following we briefly review the primordial
perturbation spectra from these expanding/contracting
phases before the “bounce”. Let us pay attention to the
scalar metric fluctuations. In longitudinal gauge and in
absence of anisotropic stresses, the scalar metric pertur-
bation can be written as
ds2 = a2(η)(−(1 + 2Φ)dη2 + (1− 2Φ)δijdx
idxj) (8)
where η is conformal time dη ≡ dt
a
, thus
−η ∼ (±t)−n+1 (9)
a(η) ∼ (−η)
n
1−n ≡ (−η)
1
ǫ−1 (10)
and Φ is the Bardeen potential. The curvature pertur-
bation on uniform comoving hypersurfaces is given by
ζ =
1
ǫ
(
a
a′
Φ′ +Φ) + Φ (11)
After defining new variables [25, 26] (for a thorough in-
troduction to gauge-invariant perturbations see [27, 28]),
u =
a√
2|H2 −H′|
Φ =
a
ϕ′
Φ (12)
v =
a
√
2|H2 −H′|
H
ζ =
aϕ′
H
ζ (13)
where H ≡ a
′
a
, the perturbation equations of Φ and ζ for
simple (normal/phantom) scalar field can be written as
u′′k +
(
k2 −
µ2 − 14
η2
)
uk = 0 (14)
v′′k +
(
k2 −
ν2 − 14
η2
)
vk = 0 (15)
For all interesting modes k, we can solve Eqs. (14) and
(15) analytically and obtain
uk =
√
−kη (B1(k)Jµ(−kη) +B2(k)J−µ(−kη)) (16)
vk =
√
−kη (C1(k)Jν(−kη) + C2(k)J−ν(−kη)) (17)
3where
µ =
1
2
|
ǫ+ 1
ǫ− 1
| , ν =
1
2
|
ǫ− 3
ǫ− 1
| , (18)
J is the first kind of the Bessel function with order µ or
ν, the function Bi(k) and Ci(k) can be determined by
specifying the initial conditions.
In the regime kη → ∞, in which the mode uk and
vk are very deep in the horizon, Eqs. (14) and (15) are
reduced to the equations for a simple harmonic oscillator,
in which uk ∼
e−ikη
(2k)3/2
and vk ∼
e−ikη
(2k)1/2
are stable. In the
regime kη → 0, in which the mode uk and vk are far out
the horizon, the modes are unstable and grows. In long-
wave limit, Φk and ζk can be given and expanded to the
leading term of k,
k
3
2Φ ∼ k
1
2
−µ (19)
k
3
2 ζ ∼ k
3
2
−ν (20)
Thus the spectrum indexes are
nΦ − 1 = 1− 2µ = 1− |
ǫ + 1
ǫ − 1
| (21)
nζ − 1 = 3− 2ν = 3− |
ǫ− 3
ǫ− 1
| (22)
From Eqs. (21) and (22), we can see that the the spec-
trum index of ζ is the same as of Φ only for −1 < ǫ < 1 2,
and when ǫ ≃ 0, nearly scale-invariant can be obtained,
which corresponds to the case in inflationary cosmology,
but for other value of ǫ, the spectrum index of ζ is dif-
ferent from that of Φ, the Φ spectrum is nearly scale-
invariant for ǫ → ±∞, while the ζ spectrum is nearly
scale-invariant for ǫ ≃ 32 .
Further, notice from Eq. (18) that µ is invariant under
ǫ+1
ǫ−1 → −
ǫ+1
ǫ−1 , which is equal to ǫ→
1
ǫ
, in which the fixed
points are ǫ = ±1. Thus the spectrum index of Φ is
invariant under this transformation, which can be also
seen from Eqs. (19) and (21). Similarly, the spectrum
index of ζ is invariant under the transformation of ǫ−3
ǫ−1 →
− ǫ−3
ǫ−1 , i.e. ǫ →
2ǫ−3
ǫ−2 , in which the fixed points are ǫ =
1, 3.
Therefore, for ǫ being in the range 0 ≤ ǫ < ∞, as
has been shown in Ref. [17], Wands’s duality pairs the
2 It is known that the comoving curvature perturbation ζ and the
Bardeen potential Φ have different spectral dependence during
the collapse and it is impossible for both them to obey non-
singular evolution equations through the bounce [30], see also
Ref. [5, 31, 32, 33] and Ref. [20] for a relevant discussions. Which
of the spectra of Φ and ζ can be inherited in late-time observa-
tional cosmology dependent on the matching conditions through
the “bounce”, i.e. how Φ and ζ pass through the “bounce”,
which is determined by the details of “bouncing” physics.
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FIG. 2: The sketch of general dualities of ζ(a) or Φ(b) spec-
trum: Various expanding/contracting phases are denoted by
Region I-IV in Table I. For ζ spectrum, stable Regions I, II,
IV are dual to unstable Region III, and for Φ spectrum, stable
Region I is self-dual and stable Region II is dual to unstable
Region III and stable Region IV.
The Dualities of Nearly Scale-Invariant Spectra
Φ spectrum ζ spectrum
Phase (Phantom) Inflation Inflation Inflation
(a ∼ (−t)n, n→ −∞) (a ∼ tn, n→ +∞)
Dual Slow Expansion Slow Contraction Contraction
Phase (a ∼ (−t)n, n→ 0−) (a ∼ (−t)
n, n→ 0+) (a ∼ (−t)
2
3 )
Ref. [9, 10, 17] [4, 5, 6]
TABLE II: The dualities of nearly scale-invariant spectra: For
Φ spectrum, the slowly expanding phase with ǫ→ −∞ (The
relation between ǫ and n can be seen from Eq. (7)) is dual
to the phantom inflationary phase with ǫ = 0−, in which the
nearly scale-invariant blue spectrum is given, and the slowly
contracting phase with ǫ→∞ is dual to the usual inflationary
phase with ǫ = 0+, in which the nearly scale-invariant red
spectrum is given. For ζ spectrum, the inflationary phase
with ǫ ≃ 0 is dual to the unstable contracting phase with
ǫ ≃ 3
2
.
expanding phase (0 ≤ ǫ < 1) to the contracting phase
(1 < ǫ ≤ 32 ), but the contracting phase with ǫ ≥ 3 is
paired the contracting phase (2 < ǫ ≤ 3) and have no rel-
evant expanding dual branch, while Boyle et.al.’s duality
pairs the expanding phase (0 ≤ ǫ < 1) to the contracting
phase (1 < ǫ < ∞). Further, when relaxed ǫ to ǫ < 0,
the dualities from various phases may be described more
completely and can be regarded as the complementarity
of Ref. [17]. In this case, Wands’s duality pairs the ex-
panding phase (−∞ < ǫ < 0) to the contracting phase
(32 < ǫ < 2), and Boyle et.al.’s duality pairs the slowly
expanding phase (−∞ < ǫ ≤ −1) to the expanding phase
(−1 ≤ ǫ < 0).
The scale solution is a stable attractor for the expand-
ing phase if and only if w < 1 (ǫ < 3), and for the con-
tracting phase if and only if w > 1 (ǫ > 3) [9, 29]. Thus
Wands’s duality relates the stable expanding/contracting
solutions to the unstable contracting solutions, while
4Boyle et.al.’s duality relates two stable branches only
when ǫ < 1/3 or ǫ > 3, in terms of the spectrum in-
dex, which requires nΦ,ζ > 0. for 1/3 < ǫ < 3 the stable
expanding solution is related to the unstable contracting
branch, in this case nΦ,ζ < 0.
Due to these dualities, the primordial scalar pertur-
bation spectra may be not used to determine in which
phase the perturbations are generated. However, this
degenerations may be remove by the tensor perturbation
spectrum, whose spectrum index is [17]
nt = 3− |
ǫ− 3
ǫ− 1
| (23)
The phase with h rapidly increasing will produce a more
blue tensor spectrum than its dual phase with h slowly
increasing or decreasing. The figure of the tensor pertur-
bation spectrum with w can be seen in Ref. [20]. For ζ
spectrum, its scalar spectrum index is the same as that
of tensor, but fortunately, in this case, for arbitrary sta-
ble phase, its stable dual branch does not exist. As a
result if the spectrum is generated by a stable solution
then the detection of the primordial gravitational wave
background can give a direct record of the evolution of
the scale factor, thus a direct selection for different ex-
panding/contracting phases.
In summary, we discuss the dualities of the primordial
perturbation spectra for full space of constant w (thus
ǫ). The results are consistent with Boyle et.al.’s for the
case of ǫ > 0 [17]. The exist of these dualities means that
various cosmological background solutions are dual each
other in the sense of scalar perturbation spectrum, see
Fig.2 for a sketch of dualities of various phases. Further,
the nearly scale-invariant spectrum can be from various
cosmological scenarios is not also coincidental, the rela-
tionship between them can be regarded as some special
cases of general dualities of Φ or ζ spectrum, see Table II
for a summary on the dualities of nearly scale-invariant
spectra, which may provide a possibility that the per-
turbations of background solutions with |ǫ| > 1 can be
studied by using slow-roll (|ǫ| < 1) method [9, 34]. In this
brief report, we only focus on the case of the single (nor-
mal/phantom) scalar field with exponential potential in
which w is constant and c2s = 1. The studies of relaxing
these limits may be more interesting.
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